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I. INTRODUCTION 
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I describe the Kaluza-Klein approach to general relativity of 4-dimensional spacetimes. This 
approach is based on the (2,2)-fibration of a generic 4-dimensional spacetime, which is viewed as 
a local product of a (l-l-l)-dimensional base manifold and a 2-dimensional fibre space. It is shown 
that the metric coefficients can be decomposed into sets of fields, which transform as a tensor field, 
gauge fields, and scalar fields with respect to the infinite dimensional group of the diffeomorphisms 
of the 2-dimensional fibre space. I discuss a few applications of this formalism. 
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' It has been known for some time that there is a curious correspondence between (self-dual) Yang-Mills equations 
and the (self-dual) Einstein's equations, when the Yang-Mills gauge symmetry is extended to an infinite dimensional 
' ' symmetry of (volume-preserving) diffeomorphisms of some auxiliary manifold . It is also well-known that the equa- 
[ tions of motion of 2-dimensional non-linear sigma models with the target space as the area-preserving diffeoniorphism 
of an auxiliary 2-surface are identical to the the self-dual Einstein's equations written in the Plebafiski form [Q. 
These correspondences are most striking for self-dual cases, and indicate an intriguing possibility that we may be 
^ . able to reconstruct the full Einstein's general relativity from suitable gauge field theories by replacing the usual finite 
' dimensional gauge symmetry with an infinite dimensional group of the diffeomorphisms of some manifold. If we recall 
lO ,. that the gauge symmetry of general relativity is the group of the diffeomorphisms of a 4-dimensional spacetime, this 

■ seemingly wild speculation is not totally unreasonable. Recently we have shown that such a description is indeed 
possible, by rewriting the Einstein-Hilbert action of general relativity of generic 4-dimensional spacetimes in the 

■ (2,2)-decomposition ||q-[l3|]. In this approach, the 4-dimensional spacetime is viewed, at least for a finite range of the 
I spacetime, as a locally fibred manifold that consists of a (l+l)-dimensional base manifold Mi+i and a 2-dimensional 

fibre space N2. 

The Yang-Mills gauge fields, which naturally appear in this Kaluza-Klein setting llj], are defined on the (1+1)- 



I , dimensional base manifold Mi+i, and turn out to be valued in the Lie algebra of an infinite dimensional group of the 



diffeomorphisms of the 2-dimensional fibre space N2 (i.e. diffA^2)- This feature is expected to simplify considerably 
certain issues concerned with the constraints of general relativity. Namely, in Yang-Mills gauge theories, it is well- 
known that the Gauss-law constraints associated with the Yang-Mills gauge invariance can be made "trivial" , if 
k>( \ we consider gauge invariant quantities only. Thus, in principle, one might expect that the problem of solving the 
. constraints of general relativity could be made "trivial" , at least for some of them, if such a gauge theory description 
' is possible. The purpose of this paper is to show explicitly that our variables transform as a tensor field, gauge fields, 
and scalar fields with respect to the diffiV2 transformations, and discuss a general spacetime from the 4-dimensional 
fibre bundle point of view. 

This paper is organized as follows. In section ||, we shall outline the kinematics of the (2,2)-decomposition of 
a generic 4-dimensional spacetime, and introduce the Kaluza-Klein (KK) variables without assuming any spacetime 



isometrics. In section [II, we shall find the transformation properties of the KK variables with respect to the diffiV2 



transformations, and introduce the notion of the diSN2- covariant derivatives. In section IV, we shall write down the 
Einstcin-Hilbcrt action, and finally, we discuss possible applications of this formalism. 



II. KINEMATICS 



Let us decompose a generic 4-dimensional spacetime of the Lorentzian signature from the KK perspective, in which 
the spacetime under consideration is viewed as a 4-dimensional fibre bundle, consisting of a (l-l-l)-dimensional base 
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manifold Mi+i and a 2-dimensional fibre space N2- Let the basis vector fields of Mi+i and N2 be d/dx'^{= d^) and 
d/dy°^{= da), respectively, where /z = 0, 1 and a = 2,3. The horizontal vector fields 9^, which are defined to be 
orthogonal to can be expressed as linear combinations of 9^ and da, 

d^ = d^~A;da, (2.1) 

where the fields are functions of (a;^, Let us denote by 7^"^ the inverse metric of the horizontal space spanned 

by dfj,, and by 0°^ the inverse metric of N2, respectively. In the horizontal lift basis which consists of {df^,da}, the 
metric of the 4-dimensional spacetime can then be written as 

In the corresponding dual basis {dx^ , dy'^ + A^dx'^}, the metric becomes 

ds^ = ^f.^dx^dx-' + ^ab [dy"" + A^'dx^^ (dy'' + A^x"^ . (2.3) 

Formally the above metric looks similar to the "dimensionally reduced" metric in standard KK theories, but in fact 
it is quite different. In the standard KK reduction certain isometrics are usually assumed, and dimensional reduction 
is made by projection along the directions generated by these isometrics Q. There the fields A^ are identified as 
the KK gauge fields associated with the finite dimensional isometry group. In this paper, we do not assume such 
isometrics: nevertheless, it turns out that the KK idea still works, and as we shall show shortly, the fields A^ can be 
identified as the gauge fields valued in the infinite dimensional Lie algebra of the diffA'2 transformations. Moreover, 
the fields (j)ab and 7^^/ transform as a tensor field and scalar fields with respect to the diffiV2 transformations. 



III. DIFFEOMORPHISMS AS A LOCAL GAUGE SYMMETRY 



A. Finite transformations 



Let us find the transformation properties of the fields (jjab, A^, and 7^^, with respect to the diffiV2 transformations, 
which are the following coordinate transformations of iV2, while keeping x^ constant 

y'' ^y''{x,y), = x^ (3.1) 

Thus we have 

= ^{dy' - {^)d^''}' dx^ = dx'^. (3.2) 
In the new coordinates the term proportional to dx^dy"' in ( ^.3[ ) becomes, keeping the [x^,y°') dependence explicit, 



2c^ab{x,v)A;{x,y)dx^^dy*' 




where the identity 




was used. Also the term proportional to dy'^dy'' becomes 
(t)ab{x,y)dy°-dy'' 

- (0^)(|^)*.'<-){*'*-K©*'-'- (£)(l^)-"-1^ <") 

After rearranging terms, the metric ( ^.3[ ) can be written as, in the new coordinates. 
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dy'°- / L V dy*^ 

+0..(.,.){A;(x,.MAx,ri-2(|i)(|C)(|;).;(.,.)(^: 



which must be equal to 



ds^ = iW'. y')dx^dx'' + ^U^', y'){rfy " + A,''{x\y')dx ^^][dy' + ^ '(x', (3-7) 

since the hne element is invariant under the difFA'2 transformations. If we compare terms containing dy ""dy ^ , we find 
that 4>ab{x,y) transform as 

/ Pin 1^ \ / /^n 1^ \ 

>,y). (3.8) 



/ dy" \ 


fdy'^\ 


ydy'"-) 


Kdy'b) 



This shows that 4>abix,y) is a tensor field with respect to the diffiV2 transformations. If we use the equation (3 
( |3.6[ ), the metric becomes 

ds- = 7,„(i,9)<ii''<fe''' + 4,Ui',v')dy'dr' + 2#;j(i',!,'){(^)/l/(,T,j,) - ^^^'i-dy' 

from which we deduce the following transformation properties of A^{x, y) and 7^;y(x, y) 

l'^Ax\y')^l^u{x.y), (3.11) 
under the diffA''2 transformations. 

B. Infinitesimal transformations 

It will be instructive to examine the infinitesimal transformations corresponding to the above finite diffA'^2 trans- 
formations. The infinitesimal diffiV2 transformations consist of the following transformations 

y'^ = y'^+C{x.y), x^=x^ (0(e')«l), (3.12) 
where ^°(x,?/) is an arbitrary, infinitesimal, function of (x^ ^y°'\ From this it follows that 

where • • • means terms of O(f^). If we expand the l.h.s. of the equation ( |3.8[ ) in it becomes 

<l>'ab(.^\ 2/ + - 0;fc(x, V) + r^0a6(x, 2/) + • • • , (3.14) 

whereas the r.h.s. becomes 

V 97^ J J " ~ a^'^"'^^' - 2^) + • • • • (3-15) 



3 



Thus we have 



S<l)ab{x, y) = (p'abix, y) ~ (j>ab{x, y) 

= -Cdc(j)ab{x,y) ~ {daS.'')(l)cb{x,y) - {dbC)(t)acix,y) 

where the subscript l denotes the Lie derivative along the vector field ^ = ^°i9a, i-e. 



(3.16) 
(3.17) 



It is a straightforward exercise to derive the infinitesimal transformation properties and 7^,^ from (3.10) and 
(3.11). They are found to be 



SA;ix,y)=-d^C + [A^., e]£ 



(3.18) 



(3.19) 



where [A^, and are the Lie derivatives of ^" and 7^^ along the vector fields = A ^fdc a nd ^ — £,'^dc, 

r espe ctively. Notice that the Lie derivative acts on the fibre space index (a) only. The equations ( 3.16 ), ( 3.18 ), and 
( |3.19 ) clearly show that the metric components {4>ab, A^^ transform as a tensor field, gauge fields, and scalar 
fields under the diffAf2 transformations, respectively. 



C. diffA'^2-covariant derivative 

Using the Lie derivative along the diffiV2-valued gauge fields, the diSN2-covariant derivative 13^ can be naturally 
defined as 



With this definition, the equation ( 3.18 ) can be written as 

5a; - ~D^C, 

which suggests that the diffiV2-valued field strength F^J^ be defined as 

for an arbitrary scalar function r/, where F^J^ is given by 

-^/ii/" — 9f^AJ^ — d^A^^ — [A^, Ai,]1^ 

= d^A^^ - d^A^ - A^d^A:^ + A^d^A;^. 

Similarly, the diffA'2-covariant derivative of (^ab is defined as 

= df,<j)ab - A^^dc<j)ab - idaA^^)(t>bc - (dbA^^): 



(3.20) 
(3.21) 
(3.22) 

(3.23) 

(3.24) 



(3.25) 



It remains to show that F^J^ and l?^0ab transform covariantly under the infinitesimal diffA'^2 transformations ( 3.12 ) 
Let us consider I?p(/)afc first. The infinitesimal transformation of D^(j)ab becomes 

where we used the equations ( |3.16 ) and (3.18), and the Lie brackets are 

[Ap, K, cj^ULab = A;d,{[^, cj^Ub) + {daApit cj^Uc + {dbA^i^, cPUc 



(3.26) 
(3.27) 
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Using the Leibniz rule of the derivative 9^ 



d^{[^,cl)Ub) = [5^?,<^]Lah + K,5^</>]La6, (3.28) 



and the properties of the Lie bracket 



[D^C, 4'Ub = [a^e, ^kab - [[A^,^]l, 0]Lafc, (3.29) 

[A^, 0]L]La6 = -K, [0, A^]i^Ub - [A^, ihUb, (3.30) 



we find that the equation ( |3.25 ) becomes 



S{D^(t)ab) ^ - [^,df,(f>]Lab + K, [A^,,(f>]L]Lab 

= -[C,D^cj)Ub, (3.31) 

which shows that D^^c/jab transforms covariantly under the diff-/V2 transformation. 
Similarly, the infinitesimal transformation SF^J^ becomes 

SF^J" = d^{[A,,a) + [D,i,A,]l -if^^ (3.32) 

Using the following identities 

df,([A,,C\l) - [d,A,,i]l + [A,,dSl, (3.33) 

[^mC, A,]l - -[A^.DSl - AA.. dSl + [A.. [A^.£]JL. (3.34) 

we find that 

5F^^^ = [d,A^ - d,A,,^]l + [A,, [A,,^]^]l - [A^, [A^,iUl 

= -[LF^AL (3.35) 

where we used the Jacobi identity 

[Au. [A^,iUl = -[A,. K, - K, (3.36) 

Therefore it follows that 

5F^.^ = -[i.F^AL (3.37) 

which shows that F^j/* is indeed the diffiV2 -valued field strength. 

It must be marked here that, in the (2,2)-KK formalism, the Lie derivative, rather than the covariant derivative, 
appears naturally. The appearance of an infinite dimensional symmetry such as diffA^2 is not surprising, since in general 
relativity the underlying gauge symmetry is the infinite dimensional group of the diffeomorphisms of a 4-dimensional 
spacetime. The point is that it is the diff-/V2 symmetry, the subgroup of the diffeomorphisms of a 4-dimensional 
spacetime, that shows up as a local gauge symmetry of the Yang-Mills type. This implies that the (2,2)-KK formalism 
can be made a viable method of studying general relativity from the standpoint of the (l+l)-dimcnsional Yang-Mills 
gauge theory with the diff-/V2 symmetry as a local gauge symmetry. 

IV. THE ACTION 

The Einstcin-Hilbert action in this KK formalism is given by 

1 = j d^xd'y v^v^ [r-R,. + r'Rac + Ir^r^ci^abF^jFj 

'|0°S^''7"''{(5a7M«)(967./3) - {dal,..){dblap)}] + fd^xd^y {dAS''). (4.1) 



+ 4 
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Let us summarize the notations: 

1. The curvature tensors R^^ and Hac sue defined as 



TD f) V ^ f) V ^J-P ^ 

rab"" = ^ (Saf/iM + ^btZ-Qd - dd(j)ab^ ■ 



2. The last term in (4T) is a surface integral, where — (S"^, 5"^) is given by 



(4.2) 
(4.3) 
(4.4) 

(4.5) 



(4.6) 
(4.7) 

(4.8) 
(4.9) 



One can easily recognize that this action is in a form of a (l+l)-dimensional field theory action. In geometrical 
terms the above action can be understood as follows. 7^''Rp,y can be interpreted as the "gauged" scalar curvature of 
Ml +1, since the diffA^2~ valued gauge fields are coupled to 7/^1^ 

and f^^" in the formulae (|^) and (gj). ^'''^R (jc is the 
scalar curvature of A^2, which is proportional to the Euler characteristics x when integrated over A''2. 

The remaining terms in ( [4.lD are the extrinsic terms, telling us how Mi+i and are embedded into the enveloping 
4-dimensional spacetime. Each term in (4.1) is manifestly diffiV2-invariant, and the y"-dependence of each term is 
completely "hidden" in the Lie derivatives. In this sense we may view the fibre space N2 as a kind of "internal" 
space as in Yang-Mills theory. Thus, the Einstein- Hilbert action is describable as a (l-l-l)-dimensional Yang-Mills 
type gauge theory interacting with scalar fields and (l+l)-dimensional non-linear sigma fields of generic types, with 
couplings to curvatures of two 2-surfaces. The associated Yang-Mills gauge symmetry is the diffA'^2 symmetry. 



V. DISCUSSIONS 



In this paper, we presented the KK formalism of general relativity of generic 4-dimensional spacetimes, viewing the 
spacetime as a local product of the (l-l-l)-dimensional base manifold and the 2-dimensional fibre space. Within this 
framework, we made a decomposition of a given 4-dimensional spacetime metric into sets of fields which transform as 
a tensor field, gauge fields, and scalar fields under the group of the diffeomorphisms on A^2- 

In connection with issues of quantum gravity, this KK approach has the following aspects which deserve further 
remarks. For instance, solving the Einstein's constraint equations or constructing the gauge invariant physical ob- 
servables is known to be one of the most important problems in quantum general relativity. In our formalism, the 
diffeomorphisms of the 2-dimensional space plays the role of a local gauge symmetry exactly as in Yang-Mills 
theory. Therefore the two constraint equations associated with the diffA'^2 transformations can be "automatically" 
solved, using the diffA'^2-iiivariant scalars. However, there are two additional constraint equations which require further 
studies in order to fully take care of the four Einstein's constraint equations [jl^ . 

It should be also stressed that the Lie derivative appears naturally in this formalism, via the minimal couplings to the 
diffA'^2 -valued gauge fields. In the standard (3-|-l)-formalism, the natural derivative operator is the metric-compatible 
covariant derivative, which requires the metric be non-degenerate. The Lie derivative, on the other hand, can be 
defined even when the metric is degenerate. For instance, at null infinity 2^ of the asymptotically fiat spacetimes, 
the natural derivative operator is the Lie derivative, rather than the covariant derivative, because the metric on 1+ is 
degenerate with the signature (0, -f , -I-) ||l8|. Therefore, the KK formalism, based on the notion of the Lie derivative, 
should be extendable to spacetimes where the metric is degenerate, which would be difficult to describe in conventional 
approaches. 

Finally, it will be a challenging problem to try to reinterpret the exact solutions of the Einstein's equations from 
this gauge theory point of view. This seems very interesting, for there are a number of exact solutions of the Einstein's 
equations which do not permit sensible physical interpretations from the 4-dimensional spacetime perspective m& . 
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